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We discuss the emergence of bound states in the low-energy spectrum of the string-net Hamilto-
nian in the presence of a string tension. In the ladder geometry, we show that a single bound state
arises either for a finite tension or in the zero-tension limit depending on the theory considered. In
the latter case, we perturbatively compute the binding energy as a function of the total quantum
dimension. We also address this issue in the honeycomb lattice where the number of bound states
in the topological phase depends on the total quantum dimension. Finally, the internal structure of
these bound states is analyzed in the zero-tension limit.
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I. INTRODUCTION
Interactions between elementary particles are known
to be responsible for the formation of bound states of
matter. In particle physics, the most celebrated exam-
ples are baryons and mesons stemming from the strong
interaction between quarks mediated by gluons. Bound
states often have features very different from those of
their constituents. For instance, Cooper pairs that origi-
nate from the interaction between electrons and phonons
in solids give rise to superconductivity whose existence is
due to the bosonic nature of these quasiparticles. Under-
standing formation mechanisms of bound states as well
as their properties is thus of primary interest especially
when the building blocks are exotic excitations which
are neither bosons nor fermions. Such objects, known
as anyons [1, 2], have drawn much attention because of
their potential use for topological quantum computation
[3–7]. Although anyons have not yet been unambigu-
ously detected in experiments, the most promising can-
didates are fractional quantum Hall states [8, 9]. The
concept of anyon is intimately related to the notion of
topological quantum order whose description requires us
to go beyond the Landau symmetry-breaking theory (see
Ref. [10] for a review). Recently, substantial progress
has been made to classify topological phases, especially
for (2 + 1)-dimensional systems [11–13] but a system-
atic way to microscopically engineer them is still lacking.
A major step in this direction has been taken by Levin
and Wen [14] through the so-called string-net model that
gives access to a broad class of topological phases [15, 16].
The goal of the present paper is to study the formation
of bound states induced by the introduction of a string
tension in the string-net model. A string tension is known
to break the topological phase when it is sufficiently large
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as already discussed in several cases [17–25]. Here, we
focus on the quasiparticle spectrum in the topological
phase and we show that, in most cases, bound states are
the low-energy excitations. We compute the binding en-
ergy in the weak-tension limit for any anyon theory in
the two-rung ladder and in the honeycomb lattice. In
the latter case, we find that the number of bound states
depends on the total quantum dimension. Finally, we
investigate the internal structure, i.e., the particle con-
tent of these bound states. In the one-dimensional case,
we find that the contribution of each anyon type to the
bound states is always proportional to their quantum di-
mension whereas this symmetry does not hold for large
tension in the two-dimensional case.
II. HILBERT SPACE AND STRING-NET
MODEL
In the string-net model introduced in Ref. [14], micro-
scopic degrees of freedom are defined on the links of a
trivalent graph and can be in N different states where
N is given by the input theory of interest. Mathemati-
cally, this input theory is described by a unitary modular
tensor category which, at this stage, can be roughly con-
sidered as a set of objects obeying a set of rules (see for
instance Refs. [7, 11] for details). The Hilbert space of
the string-net model is spanned by all link configurations
satisfying the so-called branching rules at each vertices.
These branching rules stem from the fusion rules of the
input theory: at a given trivalent vertex, if two links are
in the state a and b, the third one must be in a state c
that belongs to the fusion product a and b. Violations
of these branching rules correspond to charge excitations
that are not considered here.
The Hamiltonian of the string-net model is given by a
sum of local commuting projectors acting on plaquettes
H0 = −
∑
p
Bp. (1)
The explicit action of Bp on a link configuration is given
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2in Ref. [14]. By definition, we call an eigenstate of Bp
with eigenvalue 1 (0) a state without (with) a flux in the
plaquette p. The ground-state manifold of H0 is thus
spanned by all states without flux in plaquettes. The di-
mension D0 of this manifold, also known as the topolog-
ical degeneracy, depends on the system. On a compact
surface of genus g, D0 = N2g whereas D0 = N for a
ladder with periodic boundary conditions.
By acting with a local operator on any ground state,
excitations can only be created by pairs [26] The degen-
eracy Dk of the excited states with k fluxes depends both
on the surface topology and on the fusion rules of the the-
ory considered (see Refs. [21–23] for various examples).
The corresponding excitation energy ∆k = Ek − E0 = k
does not depend on the position of the fluxes (deconfined
phase).
The main focus of this work is to analyze the excitation
spectrum in the presence of a perturbation that lifts this
degeneracy and effectively provides quantum dynamics
to fluxes. To this aim, let us consider the operator
V = −
∑
l
Tl, (2)
where Tl is a projector which is diagonal in the link basis.
If a link l is in a state a then Tl = δa,0 where 0 denotes
the trivial state. The perturbation V is local and it does
not commute with H0. In the eigenbasis of H0 (flux ba-
sis), Tl acts effectively as a creation/destruction operator
but also as an interaction/transmutation term between
fluxes. From that respect, V plays the role of a string
tension that eventually induces a transition towards a
confined phase [17–24].
In the following, we consider the Hamiltonian
H = H0 + κ V and, for simplicity, we restrict our discus-
sion to the case κ > 0. For the ZN theory, this model can
be mapped onto the transverse-field Potts model where
fluxes are microscopic degrees of freedom [20]. Since V
is a sum of local terms, it does not perturbatively change
the flux through noncontractible loops that may exist
for some surface topologies. This property which is the
source of the so-called topological protection allows one
to study each topological sector separately. Below, we fo-
cus on the trivial sector in which elementary excitations
for κ = 0 are all possible pairs of fluxes (a, a¯) fusing to
the vacuum (a¯ denotes the dual of a). For κ 1, excita-
tions can be seen as quasiparticles (QPs) corresponding
to “dressed fluxes” in the usual Fermi liquid picture.
III. THE ONE-DIMENSIONAL CASE
Let us start our analysis by considering the string-net
model defined on the two-leg ladder. As discussed in
Refs. [17, 18, 23], the string-net ladder in the presence of
the perturbation V undergoes a quantum phase transi-
tion at the self-dual point κ = 1. At this point, the model
can be exactly mapped onto the XXZ chain with an
anisotropy parameter D/2 where D is the total quantum
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FIG. 1. Low-energy excitation spectrum for the (A1, 5)1/2
theory [23] on a ladder with seven plaquettes and peri-
odic boundary conditions. The scattering-states continuum
(green) and the bound-state continuum (blue) computed per-
turbatively at order 1 for κ  1 are compared with exact
diagonalization (ED) results.
dimension of the theory. This problem is also equivalent
to the q-state Potts model with q = D2. Consequently,
if D 6 2 the self-dual point is a critical point [17–19]
whereas for D > 2 it corresponds to a first-order transi-
tion point [23].
At order 1 in perturbation, in the limit κ  1, one
can exactly compute the 2QP spectrum for any theory.
Therefore, one has to compute the matrix elements of V
in the 2QP subspace. In the trivial sector, let us denote
|pa1 , pa¯2〉 the unique state with a flux a (a¯) in the plaquette
p1 (p2). If p1 and p2 are not adjacent, V cannot change
the flavor of the fluxes and acts as a single-flux hopping
term. Indeed, one has
〈pa3 , pa¯4 |V |pa1 , pa¯2〉 = −
1
D2
(
Nlδ
p1
p3 δ
p2
p4 + χ
p1
p3δ
p2
p4 + χ
p2
p4δ
p1
p3
)
,
(3)
where χpipj = 1 if pi and pj are adjacent plaquettes and
0 otherwise, Nl is the total number of links, and δ
pi
pj is
the usual Kronecker symbol. By contrast, if p1 and p2
are adjacent, V acts as an interaction term that may also
transmute a pair (a, a¯) into a pair (b, b¯). More precisely,
〈pb1, pb¯2|V |pa1 , pa¯2〉 = −
1
D2
(
Nl δ
a
b +
∑
c∈a×b
dc
)
, (4)
where the sum runs over all nontrivial fluxes c that belong
to the fusion product a× b, and dc denotes the quantum
dimension of the flux c. Furthermore, for any ground
state |0〉 of H0, one has 〈0|V |0〉 = −Nl/D2.
In the thermodynamical limit, one can analytically di-
agonalize V in the 2QP subspace. For any D, the 2QP
excitation spectrum consists of a continuum of scattering
states. As can be straightforwardly derived from Eq. (3),
the boundaries of this continuum are given by
∆±s = 2± κ
4
D2
+O(κ2). (5)
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FIG. 2. Localization length ξ as a function of κ for the
Fibonacci theory, measured in units of the distance be-
tween adjacent plaquettes. Inset: probability density of the
(translation-invariant) lowest-energy bound state as a func-
tion of the distance between the two fluxes. For κ = 0.37, at
order 10, the binding energy is ∆−s −∆−b ' 4.82× 10−5, |ψ|2
is maximum for r = 4 and ξ ' 39.84.
More interestingly, when the total quantum dimension
D > 2, one finds a continuum associated to a low-energy
bound state whose boundaries are given by
∆+b = 2− κ
D2 − 2
D2
+O(κ2), (6)
∆−b = 2− κ
8− 4D2 +D4
D2(D2 − 2) +O
(
κ2
)
. (7)
Figure 1 displays a comparison between these results
valid in the thermodynamical limit and exact diagonal-
ization data obtained for the theory (A1, 5)1/2 for which
D =
√
7
2 sin(pi/7) .
For D 6 2, there is no bound state in the spectrum
at order 1 and one thus needs to investigate higher-order
perturbation theory. Indeed, the operator V is similar to
the one considered in Refs. [27, 28] to perturb the critical
q-state Potts model. Keeping in mind that our model cor-
responds to the case q = D2, we know that in the vicin-
ity of κ = 1, bound states arise for
√
3 < D 6 2 [27, 28].
This concerns two sets of modular theories: the Fibonacci
theory for which D =
√
1 + φ2 (where φ = 1+
√
5
2 is the
golden mean) and all theories with D = 2 (see Ref. [11]
for details). However, let us remind that our perturbative
analysis is performed in the vicinity of κ = 0 and one may
wonder whether fingerprints of the bound states present
near κ = 1 can be observed.
To address this issue, we computed the 2QP spectrum
up to order 10 in the limit κ 1. For all D = 2 theories,
we found one bound state in the whole range κ ∈ [0, 1],
but the binding energy is of order 3 contrary to the case
D > 2 where it is of order 1 [see Eqs. (5)–(7)]. More
precisely, for D = 2, one gets
∆−s = 2− κ−
3
4
κ2 +
1
16
κ3 +O(κ4), (8)
∆−b = 2− κ−
3
4
κ2 − 1
128
κ3 +O(κ4). (9)
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FIG. 3. Rescaled binding energies computed perturbatively at
order 1 for κ 1 as a function of total quantum dimension for
the ladder (black) and for the honeycomb lattice (red). In the
latter case, two additional bound states emerge for D > D∗.
For both geometries, one further has: lim
D→∞
(∆−s −∆−b )/κ = 1.
This bound state identifies with the state predicted in the
perturbed four-state critical Potts model but the present
perturbative approach for κ  1 does not allow us to
recover the exact critical mass ratio which for D = 2 is
given by lim
κ→1
∆−b /∆
−
s =
√
3/2 [27, 28].
For the Fibonacci theory, we also find one bound state
but only in the range κ ∈ [κ∗, 1] where κ∗ = 0.331(2). In-
deed, as can be seen in Fig. 2, the localization length
of the bound state diverges at κ = κ∗ and, for smaller
values of κ, low-energy excited states are scattering
states. Here again, we do not recover the exact crit-
ical mass ratio which, for D =
√
1 + φ2, is given by
lim
κ→1
∆−b /∆
−
s = (1 +
√
3)/23/2 [27, 28].
For completeness, let us mention that we did not find
any 2QP bound state in the ladder for D 6
√
3, i.e.,
for semion (D =
√
2) and Z3 (D =
√
3) theories, in
agreement with results from Refs. [27, 28].
IV. THE TWO-DIMENSIONAL CASE
Let us now consider the honeycomb lattice which is the
simplest trivalent two-dimensional system. Contrary to
the one-dimensional case, we cannot provide an explicit
form of the binding energy, even at order 1. Thus, results
given thereafter have been obtained by numerically diag-
onalizing the effective 2QP Hamiltonian whose matrix
elements have been computed perturbatively in the limit
κ 1 for each theory of interest. The maximum relative
distance between particles considered here is rmax = 2
11
(in units of the distance between adjacent plaquettes).
At order 1, matrix elements of V in the 2QP subspace
are still given by Eqs. (3) and (4) but plaquettes now
form a triangular lattice. At this order, the spectrum
only depends on D and three cases must be distin-
guished:
4• D 6 2: no low-energy bound state;
• 2 < D 6 D∗ ' 3.87145: one low-energy bound state;
• D∗ < D: three low-energy bound states among which
two have the same binding energy.
The corresponding binding energies are displayed in
Fig. 3.
At higher orders, the situation is different. Indeed, at
order 2 and beyond, we also find one bound state for all
theories with D 6 2 except for semions (D =
√
2). This
bound state emerges for a finite string tension κ∗ that de-
pends on the theory. Unfortunately, in two dimensions,
we cannot reach sufficiently high orders to obtain accu-
rate values of κ∗. Let us simply mention that for the
Ising theory, one gets κ∗ ' 0.047 at order 2 (instead of
κ∗ = 0 in the ladder).
In the absence of bound states, scattering states are
the relevant low-energy excitations and their conden-
sation generates a continuous transition. Such a sce-
nario occurs for the semion theory where a second-order
transition is expected at κc ' 0.2097 [29]. To obtain a
first-order transition, bound states are thus required in
the low-energy spectrum as exemplified in the Z3 the-
ory where such a transition occurs at κc ' 0.2466 [30].
However, although necessary, we emphasize that the ex-
istence of bound states is not a sufficient condition to
have a first-order transition as we have seen in the lad-
der for
√
3 < D 6 2.
V. INTERNAL STRUCTURE OF THE BOUND
STATES
For theories with N > 2, an important issue concerns
the particle content of the bound states. At order 1, in
the limit κ  1, the 2QP spectrum is obtained by di-
agonalizing V in the 2QP subspace. The corresponding
matrix elements given in Eqs. (3) and (4) unveil a remark-
able property of the eigenstates at this order. Indeed, the
hopping term does not depend on the particle type and
the interaction term simply depends on the fusion rules.
Consequently, one can show that for any bound state |ψ〉
in the trivial flux sector one has:
〈ψ|pai , pa¯j 〉
〈ψ|pbi , pb¯j〉
=
da
db
. (10)
In other words, at order 1, bound states of H are a su-
perposition of all particle types with a weight propor-
tional to the quantum dimension of the particles. In
addition, in the ladder, we found that this structure is
robust for all theories and all orders we studied. We
thus conjecture that it results from a symmetry that we
have not been able to evidence non perturbatively. How-
ever, in the honeycomb lattice, Eq. (10) only holds up
to order 4. At higher orders, nontrivial braiding between
virtual states occur in the perturbation theory, single-
flux hopping terms depends on the particle type, and the
particle content depends on the order.
VI. PERSPECTIVES
In this study, we have shown that a string tension
could generate 2QP bound states in the string-net model.
These bound states are bosonic since they are found in
the trivial flux sector. However, we also found anyonic
2QP bound states in other flux sectors but their analy-
sis is beyond the scope of the present work. Finally, we
emphasize that these bound states are the relevant low-
energy excitations of the system that would be directly
observed in spectral densities for κ 1 (see Ref. [31] for
a similar case in the toric code model in the presence of
a magnetic field).
We have argued that bound states have to be present in
the excitation spectrum to build up a (nontrivial) first-
order phase transition. In this case, when κ increases,
a cascade of level crossings associated to nQP (n > 2)
bound states is expected. However, as early realized in
the Ising chain in a magnetic field, bound states may
also be observed near critical points [32, 33]. A deeper
understanding of the role played by the bound states in
quantum phase transitions is clearly needed and we hope
that the present work will stimulate further studies in
this direction.
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